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Sensitivity Controller for Uncertain Systems

* Kenji Okada*
Mitsubishi Electric Corporation, Kanagawa, Japan

Robert E. Skelton _
Purdue University, West Lafayette, Indiana 47906

In this paper a new controller design, which we shall call the *‘trajectory sensitivity optimization’” method, is
presented to improve the robustness for parameter variations. The method uses the sensitivity trajectory to
model the parameter uncertainty and introduces a special quadratlc cost function involving an mput and output
sensitivity term. Necessary conditions are derived to obtain the dynamlc controller. The necessary conditions
consist of two Lyapunov equations and two controller gam equations that have no closed-form solution,
Therefore, a special iterative algorithm was developed to obtain the numerical solution. The method cain deal
with a wider class of parameter uncertainty than existing methods. Numerical exaimples show that the method
is effective in improving the robustness to parameter variations.

1. Introduction .
HE linear quadratic Gaussian (LQG) theory is well estab-
lished 'in multivariable control design synthesis, biit. it
suffers from a poor sensitivity to certain classes -of plant
parameter uncertainty.! This sensitivity problem for parame-
ter uncertainty becomes extremely important in flexible struc-
ture control where there is large parameter uncertainty. To
cope with the problem, various design syntheses have been
proposed.

We are motivated by the trajectory sen51t1v1ty approach of
Yedavalli and Skelton!® where the necessary conditions are
described to solve our problem. By restricting our attention to
controllers of order 7 (equal to plant order), we w1ll be able to
make further progress toward solutions.

The sensitivity controller proposed by Wagie and Skelton?
uses a trajectory ‘sensitivity model to include the effects of
parameter uncertainty and a special cost finction involving
both an ‘output and input sensitivity term. This paper shows
how to reduce the sensitivity model to tractable order, while
preserving the correlations between outputs and all of their
sensitivities. The main drawback of this sensitivity controller
design method is that the method does not deal with parameter
uncertamty in the measurement matrix.

The maximum entropy method has been applied by Bern-
stein and Hyland® to the flexible stricture problems. This
method uses stochastic’ modeling for the parameter uncer-
tainty to improve the parameter variation robustness. The
design synthesis provides a direct method for the design of
robust, reduced-order controllers in which robust controller
design and controller order reduction are performed simulta-
neously. The necessary conditions obtained by this method
consist of two modified Riccati equations and two modified
Lyapunov equations coupled by stochastic effects. Two re-
strictions of the method relate to the structure of the parame-
ter uncertainties permitted. The uncertain parameters must
appear linearly in the plant input and output matrices. It also
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k requires that the control- and measurement-dependent uncer-

tain parameters are uncorrelated. Because of this requirement,
the method cannot be applied directly to the problems in
which there exists parameter. uncertainty that affects the con-
trol matrix and the measurement matrix siinultaneously. The
method also cannot deal with parameter uncertainties in the
disturbance matrix and in the output matrix.. This may cause
the unnecessary degradatlon of the closed-loop system perfor-
mance.

The approach developed by Tahk and Speyer“ is called
asymptotic LQG design synthesis. This method uses the inter-
nal feedback loop to model the parameter variations and
serves to improve the stability robustness and reduce the senisi-
tivity to parameter variation. This approach is a generalization
of the LQG/LTR technique ifitroduced by Doyle and Stein.’
The approach has difficulties when there exist parameter vari-
ations in the input miatrix B or in the measurement matrix M.
In this case, the method requires augmentation of the state
space so that AB and AM are embedded in the state matrix of
the augmented system. This augmentation of the state space
eventually leads to the increase of controller order.

As explamed so far, the existing robust eontroller de51gn
methods for parameter uncertamty have some restrictions on
the structure of parameter uncertainty. Hence, the main pur-
pose of:this paper is to propose a fiew robust controller design
synthesis that can deal with wider classes of parameter uncer-
tainty, The proposed method uses trajectory sensitivity to
model the parameter uncertainty and introduces the special
cost function that includes the output and input sensitivity
terms in addition to the nominal input and output cost. The
controller parameéters ‘are determined such that the given cost
function is minimized. Through this mlmmlzatlon procedure,
the controller obtains a robustness property with respect to
parameter variation. The fundamental idea of this method is
the same as the Wagie-Skelton method, although the approach
to obtaining the controller is different.

This paper is organized as follows. Section II discusses the
modeling of pararneter uncertainity using a trajectory sensitiv-
ity model. Section III introducés the newly developed ““trajec-
tory sensitivity optlmlzatlon” method and provides the neces-
sary conditions for the sens1t1v1ty-reducmg controller and the
algorithm to obtain the solition. Section IV deals with thé
numerical examples to demonstrate the effectiveness of the
proposed method and provides performance comparisons
with other design methods. Finally, Sec. V contains the con-
clusions.
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II. Modeling of Parameter Uncertainty
Trajectory Sensitivity Model
In this section, we derive the trajectory sensitivity model for
a simply supported beam example that will be used in the
numerical example in Sec. IV.
Assume that there are / uncertain parameteres py, p2, - - .,
Dy and a space-state model of the system given by

%=A(@)x + Blo)u + D)W (12)
y=C (1b)
=M@} +v (1¢)

where x, y, z, u, w, and v are, respectively, state vector of
dimension k£, measurement vector of dimension /, input vector
of dimension m, zero-méan white noise of dimension d with
intensity W, and zero-mean white noise of dimension / with
intensity ¥V, and p is given by p = [py; P2, . - -, Drl%.

The resulting sensitivity system can be expressed as follows:

—d(‘l; x; = A + B + Dow; (22)
Vs = C.sxs (Zb)
Zs=Mx; + Vs (2¢)

where

[7] = block diag {{-1, - - -, [-1}

(1,2 ]800 eIy
a i py

where the matrices A, B;, Cs, Ds, and M; are evaluated at
p = p (nominal vector value of p). The basic idea to improve
the robustness for parameter variations is to use a cost func-
tion Vp given by
, h .
Vp = Euly™Qy + u"Ru + .El(ypTIjQiypi +ufRu)l ()
. i=
where y7Qy + u7Ru is the part of the cost function for the
standard LQG design, and

h N
igl WEQwpi + usiRup)

are added sensitivity terms. We seek a controller that mini-
mizes the cost function Vj;. Then the sensitivity of the con-
troller to the parameter uncertainy p; is reduced in increasing
the norm of weighting matrices Q; and R;.

The nominal LQG controller is obtained by setting Q; and
R; to zero, and a controller that minimizes sensitivity only
(neglecting nominal performance requirements) is obtained by
setting Q and R to zero.
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Trajeetory Sensitivity Matrices for an Example

To construct the trajectory sensitivity matrices Ap, B,, C,,
D,, and M, for the physical system, we deal with an Euler-
Bernoulh 51mply supported beam shown in Fig. 1. This exam-
ple is used later for the sensitivity-reducing controller design.
In this example, we take the following three quantities as the
uncertain parameters: 1) mass density of beam (per length) p;
2) fléxural rigidity of beam ET; and 3) actuator gain K.

It is well known that the natural frequency w; and mode
shape ¥,(r) for the ith mode of a simply supported beam are
given by

/EI im)? , 2 fim
w = —;(z—), Y;:(r) = ;Zsm <fr>

where L = length of beam:

If we assume a torquer at r =r.; a linear displacement
measureiment sensor at r =ry,, and a linear displacement at
r = r, for the output, then we obtain the following equations
of motion:

G+ 25w +wiqi =biw+w), i=1,...,n
n
y = ulro, = L ¥:(r)g;
=

n .
2= pmt) ¥V = ..El‘l’i(rm)qi +v
i

ir /2 .
=T oL cos(in/L)r.

If we choose the state variable x by x = [¢7, ¢7]7, then the
preceding equations can be transformed into the following
state-space expression.

x=Ax + Bu + Dw,
where

where

l 1(rc)— \P(r)lr I‘c

y=Cx, z=Mx+v

4= l: —092 —;m]’ Q = diag [w; . . ., wp], { scalar

3 (rc)lfi 0 BIT

B=[0-:-0®(r.)- -

C=1¥()- 0121c, 0

D=B

M=[¥(rp)- - - Yp(rm)0- - -01= M, 0]
Actuator

Sensor

Output

L

Fig.1 Simply supported beam.
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Using the preceding plant model, we obtain the following
trajectory sensitivity matrices A,;, By, Cpi, Dpi, and M, for
the three uncertain physical parameters.

Uncertain parameter p:

P
(oINnom

] R A
i Qom {voml’ ~ Y2(B,)nom

Cpl = I: - 1/Z(C:},)No)\/[ 0] ’ Dp1 = Bpl

= p=1

Mp1 = [ - 1/Z(My)NOM O]

Uncertain parameter EI:

RSN
2T EDnow’

0 0
A= [ —Row — {0 }
NOM NOM

By=0, Cp=0, D,,=0, M,=0

Uncertain parameter K,:

P= i, py=1
P Kawo”
Ap3=0, Bp3=B, Cp3=0, Dp3=0, Mp3=0

III. Trajectory Sensitivity Optimization Method

In this section, we introduce our controller design synthesis,
which reduces the sensitivity to parameter variations of the
plant, using the trajectory sensitivity derived in Sec. II. The
basic idea of this method is similar to that of Ref. 2, but the
advantages of the new method are 1) the order of the con-
troller (the number of states) obtained by this method is
smaller than that of Ref. 2, and 2) the method can deal with a
wider class of parameter uncertainty than the method in Ref.
2 (this method cannot deal with the parameter uncertainty
related to the measurement matrix, i.e., the M, term).

The method has the following advantages over the maxi-
mum entropy method: It can deal with 1) parameter uncer-
tainty in a nonlinear manner, 2) parameter uncertainty in the
disturbance matrix D and the output matrix C, and 3) parame-
ter uncertainty appearing in both the control matrix B and the
measurement matrix M at the same time. The advantage of the
maximum entropy method is fewer equations to solve. Some
discussion of the convergence of the method appears in Ref.
12.

Problem Statement

We consider the following problem of a system described by
an nth order plant:

x=A@)x + B(p)u + D(p)w (4a)
y=C@)x (4b)
z=M@P)x +v (4c)

where
Ewtyw@T =Wét —1), EpQw@®T=Vé(t~17)

Ew@)}=0, Ep@)=0
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and p = (py, . . ., Py) are the uncertain parameters.

The nth order controller is
u=Gx, ’ ‘ (5a)
X, = A°x, + Bu + F(z — M*x.)
=(A°+ B°G — FMx. + Fz (5b)
where

A°=AP), B°=B@), M =M(Q)

b: Nominal value of p

oF G
— =0, —=0,(=1,...,h
ap; op; ( )

Find F and G such that the cost function V) is minimized.

Vp =Eq [yTQy +u"Ru

. é m[(%)r Q(%) . <g—;‘>TR<g—:>B ©

If we set 8; = Bo;, where g; = |Ap;| is the magnitude of the
expected variations in p;, then we need only to determine 3,
Q, and R as design parameters. The weight 3 is usually deter-
mined through tradeoff between the robustness to parameter
variation and the nominal performances of input and output
cost. The weights Q and R may be determined under nominal
conditions (o; = 0) to satisfy E.y? < o?, for a specified o;,
i=1,2,...,n, while minimizing uTRu . The algorithm for
such weights is given in Chap. 8 of Ref. 10.

Derivation of Necessary Conditions
Let

X=x—-x (@)
then the equations for the closed-loop system are given by

%=(4 —FM) %+ {(A4 + BG — FM)

— (A + BG — FM®)} x. + Dw — Fy . ®)
%= FMX + [A° + B.G + F(M — M%)} x, + Fv ©)
y=Cx+ Cx, (10)
u = Gx, (11)

The preceding equations are transformed into the following
matrix forms:

X, =AX, + Dw, (12a)
y=Cx, (12b)
u=Gx, (12¢)

where

o R

4= [A —-FM A +BG—FM)—-(A”+B‘G—FMc)]
¢ FM A+ BG + F(M — M°)

D -—-F
Da—[o F]’ G=I[C Cl, G=I0 G]
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Let
X = [5(7 ch 5(‘7,'1 xcpl, ‘e ey 5(;;, xgp.h]T (133)
ye=DTuTyliul, . ..,y ub)" (13b)
w, = [wIlvT}T (13¢)
then the closed-loop sensitivity system is expressed by
X = AXy; + Dswy (14a)
ys = Cxg (14b)
where
(AO 0O 0 ... 0
A A 0 ... 0
As=1:1 0 Ay ... 0 (140)
A, 0 0 ... A
_ Ap)— FM(p 0
4%=Axm=[ w0 ] (14d)
FM(p) AP)+ B(P)G
4, 22D
i |p=p
=Fm7—m%@)Am7+&fw—H%@q
FM,:(D) FM,;(p)
i=1,...,h (14¢)
b _F]
0 F
D, 0
D=0 0
Dy,
L 0 0 | (14f)
cC C 0 o 0 0
0 G 0 O 0 0
Ch Cyn C C 0 0
0 0 0 G 0 0
C=1| . .o .
Cph Cph 0 - C
0 0 0 ... 0 G
L 4 (14g)

From the triangular structure of A4; in Eq. (14c), note that
the poles of the closed-loop sensitivity system given by Eq.
(14) are equal to those of the closed-loop system without
sensitivity states repeated (% + 1) times. Therefore, if the
closed-loop system is stable at p = p, then the closed-loop
sensitivity system given by Eq. (14) is always stable.
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The state-steady covariance is defined by
X = Eoo{xsxsﬁ
wowI x X, ... XX, iphx; .
_E. xxT xexd xoh XXl .. X XXD,
xphj“;h xphxcih
o
S Y M Xey Xk xcphxci "
(152)

Then X is obtained as the solution of the following Lyapunov
equation:

AX, + X, AT + DW.DI =0 (15b)
where
W, = [W O] (16)
0 Vv

" Using X, we can express the cost function Vp by

Vp = tr [X,CTQ,Ci] 17)

where

Q, = block diag (Q, R, 81Q, BiR, . . ., B Q. BxR) (18)

By augmenting the constraints in Eq. (15b) to the objective
functions of Eq. (17) by use of Lagrange multipliers, we
introduce H given by

H = tr [X,CTQ,C) + tr IK(AX, + XA + DW,DI)
19)

Then the solution to the problem satisfies the following condi-
tions:
oH oH oH oH

x.-% &% %6=% F-0 @

Relying on standard matrix calculus, the following neces-
sary conditions are derived:

aH
axX, 0
KA, + ATK, + CIQC =0 1))
oH
oK, ~ 0
AX, + XA + DW.DI =0 2)
3H _
G
h+1 h
G=~-R'B TkElKZkXZk + kEprTk Ky + 1X0)}
, K= =
X [ X2 + kzlﬁszkJr 126+ 117! 23)
d
— =0

oF
h+1
F=—&n—-Kp—-Kh+Kp)™! [{kZ_:I(sz — Ko )Xo -1}

h
xMT+ kZl(sz —Kys )X+ X)) MEI V- (29)
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where K, . . ., Koy and X, . . ., X,y , are defined by

K, = [KITKZT o . K27;,+2]T Ki:nx2nth+1) (25)
X;=[X1 X5 - - - Xopsl

X;; and K;; are the (i, /) block of X and K;.

Xi:2n(h+1)xn (26)

X, < Xizn+2 1

Xs = : T E Xij: nXxXn (27)
LX2h+2,1 Xonv22m42
K, <o Kian+2 ]

K, = c. . Kj:nxn (28)
Lth +2,1 Koproonez

We can see in the definition of A that it contains F and G.
Therefore, Eqs. (21-24) are coupled. However, these equa-
tions can be solved numerically by using the iterative method
presented later in this section. Before proceeding to the itera-
tive method, we investigate the Lyapunov equations given by
Eqgs. (21) and (22).

The size of the Lyapunov equations is 2n(l + &)
X 2n(1 + h). Therefore, if the number of uncertain parame-
ters is high, the equations may be too large to solve directly.
The structure of the equations, however, allows them to be
solved in partitioned forms.

h
CTQC + k¥1Cp7;‘Qkak

Il

Cn A
CTOC + kglckaQkak

Partitioning of the Lyapunov Equation for X;
Let Z;; represent the 2n X 2n matrix

Xoi—12i-1 Xoi—12/
Z; é [ ; 1,2 -1 ; 1,2,] 29)
2i,2j — 1 2i,2f

and D;; be the 2n X 2rn matrices given by

D A[DWDT+FVFT —FVFT]
11 =

30
—FVFT FVFT 30)

T
Dy 2| Prm WPy O sy j22andjzi, b, 2D
ij 0 0 ’ y » Yp,

(31)
then Z;; is the 2n X 2n block of X; in the ij position, and D;; is
the 2n X 2n block of D,W.DI in the ij position. The parti-
tioned matrices Z; (f =i = 1) are obtained by solving the
following equations:

(1,1) Block:

AoZy + ZpAf + Dy =0 ‘ (32a)
(1,/) Block:
AOZIj+Zl,-A()T+Z“AjT_1+D1j=0, j=2, Y I |

(32b)

h
CTQC + ¥, CLO«C,, + G'RG
k=1
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(i,j) Block:
AoZij + ZyAd + (Ai1Zyj + ZGA )+ Dy =0

2=si=sj<h+1 (32¢0)

Since the (1,1) block element given by Eq. (32a) is the
standard Lyapunov equation, it may be solved directly for Z,,.
Substitution of Z;; obtained in Eq. (32a) into the (1,/) block
elements reduces Eq. (32b) to standard Lyapunov equations.
In a similar way, the (i,j) block 2 <i <j <h + 1) elements
can be solved by substituting Z,; and Z;; obtained in the
previous calculations.

Therefore, the Lyapunov equation for X; of order
2n(1 + k) can be reduced to the (A + 1)(k + 2)/2 Lyapunov
equations of order 2n. It can also be shown easily that each
partitioned Lyapunov equation obtained previously can be
partitioned further into four subblock elements of order #,
which can be solved separately in the sequence of (1,1), (1,2),
(2,1), (2,2) subblock. Hence, the total number of Lyapunov
equations of order n becomes 2(4 + 1)(7 + 2). However, from
the symmetric property of X, the diagonal block elements Z;
(i=1,..., h+1)arereduced to three subblock elements of
order n instead of four subblocks elements. Therefore, the
total number of Lyapunov equations to be solved is
h + D@2h +3).

Partitioning of the Lyapunov Equation for K;
Let Y;; represent the 2z X 2n matrix

Koi_10i_1 Kpi_1p
Yij é [ 2i—1,2j—1 2§ 1,2;} 33)
Koipi— 1 Kip;

and Cj; be the 2n X 2n matrices given by

h
CTQC + ¥ CLOCy,
k=1 (34a)

k

T . T .
cljé[cpj—le-lc Coj ,_lc], 2<j=<h+1 (34b)

CI_.Q-C CI_0-:C

70). 70,
Ciié[c Qi-1C C7Qi-C ], 2<i=<h+1
C’Q;_,C C7Q;_C+G™R,_,G
(34c)
C;20, 2=i<j (34d)

where Qp = 8;,Q and Ry = BR. Then Yj; is the 2n X 2n block
of K in the ij position. The partitioned matrices Y;;(j =i = 1)
position, and Cj; is the 2n X 2n block of CTQ,C; in the ij are
obtained by solving the following equations:

(/,J) Block:
Ydo+ AJY; + Cy; =0, I<j=sh+1 (35a)

(i,j) Block:
Yy Ao+ Ad Y + Cj =0, I<i<j (35b)

(1,/) Block:

Yydo+ AJY + A Y; + Cy =0, 2<j (35¢)
(1,1) Block:
Yido+ AJY + (YA + YAz + - - - + Y 44,4p)

+ (YA + Yo+« - - + Y147+ G =0 (35d)
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From Eq. (35) and C;; =0 (2 =i <), we obtain

K. OKADA AND R. E. SKELTON

Y,; =0, for 1<i<j (36)
Therefore, the structure of K is given by
(Y, Y, Y Yipen|
By, O 0
K= B:Yo (37
0
I S. Y. M. BrYy

where Y is the solution for the following Lyapunov equa-
tions:

Yodo + Af Yo+ C, =0 (39)
T, T,
C, = cTQoc croc ] (39
C’QC CTOC + GRG

The number of Lyapunov equations to be solved becomes
h + 2 Lyapunov equations of order 2n or 4h + 6 Lyapunov
equations of order n. When we choose 8, =8,= - - =8,
= 0, only the (1,1) block K, becomes nonzero. In this case, it
can be easily shown that the equations for G and F reduce to
the standard L.QG equations.

Algorithm to Obtain the Numerical Solution

Since the equations obtained as the necessary conditions are
coupled, a special numerical algorithm is required. The ap-
proach taken is similar to that of Refs. 2 and 13. The al-
gorithm is summarized as follows.

Algorithm to Obtain F and G

Step 1. Choose initial F and G

F"—‘Fo, G=G0

(e.g., use the solution for the standard LQG problem).

Step 2. For the given Fand G, solve X, and K, from Eq. (21)
and Eq. (22) using the partitioned Lyapunov equations.

Step 3. Using X, and K obtained in step 2, calculate F and
G. Set FNEW=FGNEW=G- .

Step 4, If HGNEW—GOLD” < €g and “FNEW—FOLD“ <Ef, then
stop: solution completed. Otherwise, set

F =Fygwa +FoLp (1 —0)
G =Gnpwa + Gorp (1—a)
Return to Step 2.

The coefficient that dictates the convergence of the solution is
«. Usually, 0.2-0.5 is used as the value of a. But when the
weight §; to the sensitivity part of the cost is large, a smaller
value may be necessary.

IV. Numerical Example and Performance
Comparison with other Controller Design Methods
In order to investigate the effectiveness of the proposed

controller design synthesis and compare the performances
with other methods, we take the following three examples.

Simply Supported Beam

- We have already derived the sensitivity trajectory model for
a simply supported beam in Sec. II. Here we consider the same
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example. For the numerical values, we use the following:
Beam parameter:

2
L=m, p—zEI—-p

Sensor, actuator, output position:

r,=030L, r.=0, rg=0.45L

Noises:

V=1, W=1

Then w;, ¥;(r), and ®;(r) are given by

. .7 , T
W =102, \I/,~(r)=sm(z I r>, &, (r)=i cos<1 I r),

i=1, .-, n

If we choose the first 4 modes as our design and evaluation
model, then we obtain

Q=diag (1%, 22, 32, 4%, B,=[1234)7

C, =[sin(0.457) sin(2 X 0.457) sin(3 X 0.457) sin(4 x 0.457)]
M, = [sin(0.307) sin(2 x 0.307) sin(3 x 0.307) sin(4 X 0.307)]

Substituting these matrices into A, B, C, D, M, and A,;, B,;,
C,i, Dy, My,;, we obtain the required data for the trajectory
sensitivity optimization (TSO) method design synthesis.

If we choose Q =1 and R =1 for the weights of the cost
function and apply the standard LQG method, then we obtain
the controller whose stability range for parameter variation
and input and output cost are summarized in Table 1. As we
can see from Table 1, the standard LQG controller is sensitive
to the parameter variation p and EI.

We apply the TSO to the same system to reduce the sensitiv-
ity. First, we investigate one uncertain parameter case in which
only one uncertain parameter is considered for the design of

Table 1 Performances of the standard LQG controller

Standard LQG controller Performances
Gain margin Kmax 4,087
Stability range of p Prax 1.173

P =p/(p)nom Priin 0.677
Stability range of EJ Prax 3.226
P =EI/(ElNoMm Prin 0.863
Input and outut cost Vy 2.760
Vu 0.488

Table 2 Performances of controllers type A

Sensitivity reducing Performances

controller for p Type A-1  Type A-2  Type A-3

type A 8=0.01 £=0.1 8=0.5

Gain margin Kmax  3.247 2.300 1.706

Stability range p Prax 1.415 1.687 1.802

P =p/(p)Nom Puin 0.681 0.596 0.435

Stability range of EI  Pmax 2.774 2.704 2.734

P =FEl/(EINom Pmin 0.733 0.631 0.607

Input and output cost ¥y 2.856 3.174 3.821

Vu 1.300 3.709 11.243
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10.0 Angle: ©
mass: m
9,00 Prin=0-677
8.00 d
Standard LQG
Controller - -
7.00 ' Distance: z
6.00
5.00
=> P =1.173 mass: M
max
Force: u(t)
4.00
A
3.00 -8”“'@"'0‘5'0’” Fig.3 Cart with an inverted pendullum.
2.00
Type A-1 Type A-2
(B=.01) (B=.1)
1.00 .020
8=10.0
0.00
.600 .800 1.00 1.20 1.40 1.60  1.80 016 0=0.3
P= o/opom
Fig.2 Output cost performance change due to p variation for differ- .012
ent controllers. -
>
.008
Table 3 Performances of controllers type B
Performances 004 Standard LQG
Sensitivity-reducing Type A-2 Type B-1  Type B-2
controllers for p and K, B1=0.1 B1=0.1 B81=0.1 )
type B B2=0 B2=1 B2=10 0.00 4 6o 2100 200 300 400 500
Gain margin Kumax 2.300 3.054 4.843
Stability range p Pmax  1.687 1.567 1.360 200
P =p/(p)Nom Puin 0.596 0.661 0.687 A T [ 0.3
: /
Stability range of EI ~ Pmax  2.704 1.618 1.526 -160 O Maximum Entropy Method /
P =EI/(ENNom Prin 0.631 0.669 0.755 /
) . O  Wagie and Skelton Method /
Input and output cost  Vy 3.147 2.913 2.723 -120 /
Va 3.709 3.692 3.865 - /
= /
.080 /
the sensitivity-reducing controller. Next, we deal with the two- / 0=0.2
uncertain-parameter case in which two uncertain parameters 040 Standard 106 — .~ °°0! ‘
are considered at the same time for the controller design. 1@-@:=1’B—‘%/1A g=0.5
g=0.01 F=Y+
Sensitivity-Reducing Controllers for the One-Uncertain-Parameter 0.00 5700 %0 200 300’ 200 500
Case: Controller Type A ' ) ’ ) ’ )
K, = 1- (Ké)min Stability Margin for Ka Variation

In this case, the sensitivity part with respect to mass density
variation is weighted for the TSO cost. Table 2 shows the
stability range for parameter variation and input and output
cost of type A controllers for different weights 3. When we
compare Table 1 anid Table 2, we see that the stability range
for p variation increases as the weight 8 increases. In this case,
the sensitivity to EI variation is also reduced.

The gain margin, however, decreases as the weight 3 in-
creases. Figure 2 shows output cost performance change due
to p variation for different controllers. As we see in Fig. 2 and
Table 2, the output cost increase rate is mairitained relatively
small while the input cost increases pretty rapidly as # in-
creases. Therefore, tradeoff between the robustness. to
parameter variation and the input and output cost should be
made to determine the appropriate weight 3.

Sensitivity-Reducing Controllers for the Two-Uncertain-Parameter
Case: Controller Type B

In this case, two sensitivity terms (i.e., sensitivity terms with
respect to p and K,) are weighted at the same time for the TSO
cost. Table 3 shows the performance of type B controllers.
Comparing the results with the standard LQG controller per-

Fig. 4 Performance comparison of different controller designs (un-
certain parameter: K;).

formance, we notice that controller B-2 can achieve better
robustness for parameter variations p, EI, and K, also.

Cart with an Inverted Pendulam

Next, we consider the cart with an inverted pendulum
shown in Fig. 3. The linearized equations expressed in state-
variables form are given by

N T 1Y T i

z 01 0 0 z 0

2l lo o Me 0| |z !

4 _nm 1
d—< = M < r+ M u

Ll 0 0 0 1| |6 0

M ) 1

8l [0 o A;lm ol o -5
LJ L JR R N L _
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or
k=Ax +B(u +w)
y=z=[1 0 0 0]x=Cx

Z Y4 1 0 0 O} ) .
z {e} {Uz} [o 01 0]* pEMETY

We consider the followitig two uncertain parameters:

1) A'ctu’ator Gain (K,): We obtain the following sensitivity
da’tl?ra]ectory sens1t1v1ty data:
K
(Ka)viom
A,=0, B,=B, C,=0, D,=0, M,=0

p:

Maximum entropy design data:
A14—0, Bl=0, M1=0
2) Angle Sensor Gain (K,): We obtain the following sensitiv-
ity data.

Trajectory sensitivity data:

K,

p= (Ks)nom

B,=0, C,=0, D,,=0,M,,=[0 00 0]

0010
.020
.016
.012

.008

.004

0.00

.100

A 150

-080 a Maximum Entropy Method

.060

-040 Standard LQG.

.020

0.00 4,00 060 - 120 .180 240 1300
K =1 - (Ks)m1n Stability Margin for K Variation

Fig.5 Performance comparison of different controller desngns (un-
certain parameter: K;).

J. GUIDANCE
Maximum entropy design data:
A1=O, BI=O,MI=[O 00 0}
0 1 0

Numerical values:

M=1kg, m=0.1kg, L=10m,g=9.8m/s

W=1.0%10-5, ¥=10x10"5 [(1) (1)] R=1=0

Sensztwtty-Reducmg Controllers for K, Variation

Three different sensitivity-reducing controller design syn-
theses, 1) TSO, 2) Wagie and Skelton method, and 3) maxi-
mum entropy miethod, were applied to this problem to com-
pare the performancc The performance curves (input and
output cost vs stability range of X, variation) for the different
controller designs are showr in Fig. 4. As shown in the figure,
the Wagie and Skelton method cannot improve the robustness
for K, variation even if a large 8 is chosen. The TSO achieves
smaller input and output cost than the maximum entropy
method for the same stability margin. Therefore, the TSO is
best for this problem in terms of performance cost and robust-
ness to parameter variation.

Sensrtwtty—Reducmg Controllers for Ky Vanatton

The Wagie and Skelton method cannot deal w1th the prob-
lem in which the measurement sensitivity matrix M, is
nionzero. Therefore, the TSO and the maximum entropy meth-
ods were applied to this problem. The results are shown in Fig.
5. In this case, the TSO achieves smaller output cost than the
maximum eritropy method for the same stability margin,
whereas it requires a larger input cost than the maximum

20.0
16.0
B=50
g 120 0=0.20
= e a0 YB - -0
= 8.00
B-0.01  g-0.05 B=0- 8=0.50
4.00
Standard LQG
0.00 :
0.00 .060 120 .180 .240 .300
20.0
A TS0
16.0 0 Maximum Entropy Method
O Wagie and Skelton Method
12.0
ni; )
2 Standard LQG 8=0.50
—_ 8.00
=]
=
_______ 8]
4.00 0=0.18
- 0=0.20
0=0.05 9=0-10
0.00

0.00 .060 .120 .180 .240 .300
) b = {b),,,- 1 Stability Margin for b Variation

Fig. 6 Performance comparison of different controller designs
(Doyle’s example).



MARCH-APRIL 1990

entropy method. Figure 5 suggests that in this case there is no
big difference between the two methods with respect to perfor-
mance cost and stabrhty margin for K, variation.

Doyle’s Example

The problem considered here was first given by Doyle! and
investigated further by Bernstein in his maximum entropy
method.” The requ1red data for the problem are grven by

1 1] o _fo] 1 .
A—[O 1], B,_lib:l’ C=[1 1]_’D—|:1:|’ M—[l 0]

Uncertain parameter: b in matrix B ‘ (®Onom=1

W=60.0, V=10, R=1.0, Q=600'

As in the ptevious example, three different controller design
syntheses were applied to this problem. The performance
curves for the different controller designs are shown in Fig. 6.
In this case, the controllers obtained by the Wagie and Skelton
method show worse robustness for parameter variation b than
the standard LQG controller. Therefore, the method is unac-
ceptable for this problem. The TSO and the maximum entropy
method’ show similar results to those obtamed in the prevrous
example (uncertaln parameter: K; as in Fig. 5).

V. Conclusrons

* A new controller desrgn synthesis is presented to improve
sensitivity to parameter uncertamty The proposed method
uses the trajectory sensitivity to model the parameter uncer-
tainty and introduces a special cost function to reduce the
parameter sensitivity at both the input and output to the plant.
The order of the controller is equal to that of the nominal
plant as opposed to the high-order sensitivity controllers previ-
ously available. The necessary conditions for the optimization
consist of two Lyapunov equations and two gain-matrix equa-
tions. An iterative algorithm. obtains the solution to these
coupled equations. The large sizer of the Lyapunov equations
of order 2n(h + 1) reduces to several smaller equations, using
partitioned forms improving numerical efficiency.

This new method deals with a wider class of parameter
uncertamty than any other method It deals with parameters

SENSITIVITY CONTROLLER FOR UNCERTAIN SYSTEMS 329 ‘

appearing nonhnearly in any place: the plant matrix, the input
matrix, the drsturbanee matrix, the ottput matrix, and the
measurement matrix.

Numerical examples show that the method is effective in
improving robustness.to parameter variations. The disadvan-
tage of the -method is the lack of a closed-form solution,
Iterative algorithms, whose convergence remams an open
questlon, are requrred for. future research
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